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UNIVERSAL COVERING CALABI-YAU MANIFOLDS OF THE 
HILBERT SCHEMES OF N POINTS OF ENRIQUES SURFACES 


TARO HAYASHI 


Abstract. Throughout this paper, we work over C, and n is an integer such 
that n > 2. For an Enriques surface E, let be the Hilbert scheme of 

n points of E. By Oguiso and Schroer El Theorems.1], has a Calabi- 

Yau manifold X as the universal covering space, n : X of degree 

2. The purpose of this paper is to investigate a relationship of the small 
deformation of and that of X (Theorem 1.1), the natural automorphism 
of (Theorem 1.2), and count the number of isomorphism classes of the 

Hilbert schemes of n points of Enriques surfaces which has X as the universal 
covering space when we fix one X (Theorem 1.3). 


1. Introduction 

Throughout this paper, we work over C, and n is an integer such that n> 2. For 
an Enriques surface E, let be the Hilbert scheme of n points of E. By Oguiso 
and Schroer 0 Theorem 3.1], eI”! has a Calabi-Yau manifold X as the universal 
covering space, tt : A —>• eI"! of degree 2. The purpose of this paper is to investigate 
a relationship of the small deformation of eI"! and that of X (Theorem 1.1), the 
natural automorphism of E^"! (Theorem 1.2), and count the number of isomorphism 
classes of the Hilbert schemes of n points of Enriques surfaces which has X as the 
universal covering space when we fix one X (Theorem 1.3). 

Small deformations of a smooth compact surface S induce that of the Hilbert 
scheme of n points of S by taking the relative Hilbert scheme. Let E be a E3 
surface. By Beauville [U page 779-781], a very general small deformation of is 
not isomorphic to the Hilbert scheme of n points of a E3 surface. On the other hand, 
by Fantechi [H TheoremsO.l andO.3], every small deformations of eI”! is induced 
by that of E. Since X is the universal covering of eI”!, the small deformation of 
E[”1 induces that of X. We consider a relationship of the small deformation of eI"! 
and that of X. Our first main result is following: 

Theorem 1.1. Let E he an Enriques surfaee, eI"! the Hilbert scheme of n points 
of E, and X the universal covering spaee o/E^"!. Then every small deformation of 
X is induced by that o/eI”!. 

Compare with the fact that a general small deformation of the universal covering 
E3 surface of E is not induced by that of E. 

Next, we study the natural automorphisms of E^"!. Any automorphism / S 
Aut(S') induces an automorphism /I”! € Aut(S'["l). An automorphism g € Aut(S'["'l) 
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is called natural if there is an automorphism / € Aut(5') such that g = /["I. When 
K is a. K3 surface, the natural automorphisms of have been studied by Boissiere 
and Sarti [2l Theorem 1]. They used the global Torelli theorem for K3 surfaces: an 
effective Hodge isometry a is induced by a unique automorphism j3 oi K3 surface 
such that a = P*. Our second main result is the following theorem, similar to 
[H Theorem 1] without the Torelli theorem for Enriques surfaces by using a result 
of Oguiso [3 Proposition 4,4]. 

Theorem 1.2. Let E be an Enriques surface, De the exceptional divisor of the 
Hilbert-Chow morphism tte '■ eI"! —>■ E^'^\ and n>2. An automorphism f 
is natural if and only if f{DE) = De, i-e. f*{OEi«.] (De)) = Oem (De)- 

Finally, we compute the number of isomorphism class of the Hilbert schemes of 
n points of Enriques surfaces which have X as the universal covering space when 
we fixed one X. 

Theorem 1.3. Let E and E' be two Enriques surfaces, eI"! and E'!"! the Hilbert 
scheme ofn points of E and E', X and X' the universal covering space o/eI"! and 
and n > 3. If X = X', then eI”! = E'^'^\ i.e. when we fix X, then there is 
just one isomorphism class of the Hilbert schemes of n points of Enriques surfaces 
such that they have it as the universal covering space. 

Our proof is based on Theorem 1.2 and the study of the action of the covering 
involutions on H‘^{X,C). 

This is the result that is greatly different from the result of Ohashi 
(See [U TheoremO.l]) that, for any nonnegative integer I, there exists a K3 surface 
with exactly 2*+^° distinct Enriques quotients. In particular, there does not exist 
a universal bound for the number of distinct Enriques quotients oi a K3 surface. 
Here we will call two Enriques quotients of a K3 surface distinct if they are not 
isomorphic to each other. 

Remark 1.4. When n=2, I do not count the number of isomorphism classes of 
the Hilbert schemes of n points of Enriques surfaces which has X as the universal 
covering space when we fix one X. 

2. Preliminaries 

A K3 surface K is a compact complex surface with Kk ^ 0 and H^{K, Ok) = 
0. An Enriques surface A is a compact complex surface with H^{E,Oe) = 0, 
H^{E,Oe) = 0, Ke / 0, and 2Ke ^ 0. The universal covering of an Enriques 
surface is a K3 surface. A Calabi-Yau manifold X is an n-dimensional compact 
kahler manifold such that it is simply connected, there is no holomorphic fc-form 
on X for 0 < k < n and there is a nowhere vanishing holomorphic n-form on X. 

Let ^ be a nonsingular surface, S'!"! the Hilbert scheme of n points of S, ns : 
SM the Hilbert-Chow morphism, and ps : S'" —>■ S^"^ the natural projec¬ 

tion. We denote by Ds the exceptional divisor of ns- Note that Sl"! is smooth of 
dimcSl"! = 2n. Let Ag be the set of n-uples (xi,... ,x„) G S" with at least two 
xfs equal, S" the set of n-uples (xi,..., x„) G S" with at most two x^’s equal. We 
put 

s^^ ■.=psis:), 

:=P5(AS), 
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5'”' := 

:= AS n 5:, 

:=ps(AsJ, and 
Fs := \ 

Then we have BIowaj^ *S'S/'5„ ~ S'N, Fs is an analytic closed subset, and its 
codimension is 2 in S'!"! by Beauville [U page 767-768]. Here is the symmetric 
group of degree n which acts naturally on 5'" by permuting of the factors. 

Let E be an Enriques surface, and the Hilbert scheme of n points of E. 
By Oguiso and Schroer [U Theorem 3.1], has a Calabi-Yau manifold X as the 
universal covering space tt : A —>■ of degree 2. Let fi : K ^ E he the universal 
covering space of E where A is a K3 surface, Sk the pullback of A^^ by the 
morphism 

3 [(a:i,..., x„)] ^ [(/r(a;i),..., /x(a:„))] G E^^\ 

Then we get a 2^-sheeted unramified covering space 

Furthermore, let Tif be the pullback of Sk by natural projection pK ■ —>• K^’^\ 

Since Tk is an algebraic closed set with codimension 2, then 

is the 2”n!-sheeted universal covering space. Since E^'^\De = where 

De = we regard the universal covering space o pK : K'^\Tk —>■ 

^(n)\A^) 

as the universal covering space of i?["l \ 

P^^Kpk-.K^XTk^E^'^^De. 

Since tt : X\ Tr~^{DE) —>■ eI”! \ De is a covering space and opx : A” \ Tk —>■ 
Lfl"! \De is the universal covering space, there is a morphism 

u::K^\Tk^X\e-\De) 

such that u) : K'^\Tk X\'k~^{De) is the universal covering space and p^'^^opK = 

TT o a;: 

K^\Tk - '^X\e-\De) 

eW \ De- 

We denote the covering transformation group of tt o w by: 

G := {5 G Aut(iG" XTk) : Troujog = Tro uj}. 

Then G is of order 2”.n!, since deg{fj,^^^ o Pk) = 2".n!. Let a be the covering 
involution oi p : K ^ E, and for 

1 < k < n, 1 < ii < ■ ■ ■ < ik < n 



we define automorphisms (Tp...p of A" by following. For x = G A", 

a{xj) j G {Ji, • • • ,ifc} 


the j-th component of o-p...ikix) = 


j ^ {ii,--- ,ik}- 
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Then C G, and {cri^...i^}i<k<n, i<ii<...<ik<n C G. Let H be the subgroup of G 
generated by and {uy 

Proposition 2.1. G is generated by Sn and {crii... 4 }i<fc<„, i<zi<...<ifc<n- More¬ 
over any element is of the form sot where s € Sn, t € {cri-^...ik}i<k<n, i<ii<...<ik<n- 

Proof. If (s,t) = for s, s' £ 5„ and t,t' £ {(Ti^...ik}i<k<n. then 

we have s = s' and t = t' hy paying attention to the permutation of component. 
As |5„| = n!, and \{ai^,,,ik}i<k<n, i<ii<...<ik<n\ = 2", G is generated by and 

} l<fc<n, l<ii <.. .< 2 ;, <n • 1—1 

Proposition 2.2. |iL| = 

Proof. H is generated by and {(Tij}i<i<j<rt. By paying attention to the permu¬ 
tation of component, we have ai ^ P[ for all i. For arbitrary j, (*, J) o (7^ o (i, j) = aj. 
Since Sn C P[, and Proposition 2.1, we obtain \G/P[\ = 2, i.e. |iL| = 2"“^.n!. □ 


We put 




where /r" : AT" 9 i-A- £ A". Recall that fi : K ^ E the universal 

covering with a the covering involution. We further put 


:= {ixi)?=i e : a{xi) = xj}, 

•= {(2^i)i=l ^ ^*)ji ■ ~ 

I 



By the definition of AT”^, acts on AT"^, and by the definition of and 

we have n = 0 . 

Lemma 2.3. For t € P[ and 1 < i < j < n, if t G P[ has a fixed point on 
then t = {i,j) or t = id^fn. 

Proof. Let t £ be an element of iJ where there is an element x = £ 

AK*fj.ij such that t{x) = x. By Proposition 12.11 for t G H, there are two elements 
^ {^21 ... 2 fc}i<A:<n, i< 2 i<...< 2 fc<n and ;jl) G Sn such that 

^ “ (jl) ■ ■ ■ ) JO ° - • 

From the definition of for {xi)]L.^ G 

{xi,... ,Xn} n {a{xi),... ,a{xn)} = 0 . 

Suppose ^ idifn. Since t{x) = x, we have 

{ii,...,i„}n{tT(xi),...,tT(i„)} ^ 0 , 

a contradiction. Thus we have t = (ji,--- ,ji). Similarly from the definition of 
for ixi)]L^ G ii Xs = Xt (1 < s < t < n), then s = i and t = j. 

Thus we have t = (i,j) or t — id/fn. □ 

Lemma 2.4. For t G H and 1 < i < j < n, if t G PI has a fixed point on 
then t = aij o (i, j) or t = id^fn. 
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Proof. Let t G H he an element of H where there is an element x = (xi)f^i G 
TK*tJ.ij such that t{x) = x. By Proposition 12.11 for t G H, there are two elements 
^ l<zi <.. .<2^ <n and (.^1 ;*** : jl) ^ SUCh that 

i = (jl) ■ ■ ■ ) Ji) O ,ik ■ 

Since (j, j + 1) o aij o (j, j + 1) : Ak*)i n u is an isomorphism, and by Lemma 

12.31 we have 

{hi + 1) o CTij O {j,j + l)oto {j,j + 1) o cr*j O {j,j + 1) = (z, j) or idif-. 

If (j. j + 1) o atj o (j, j + 1) o t o (j, j + 1) o cTij o (j, j + 1) = id/f^, then t = idif-. 
If {i,j + 1) o o iiJ + 1) o t o {j,j + 1) o o (j, j + 1) = (z, j), then 
t = (j. j + 1) o CTij o (j, j + 1) o (ij) o (j, j + 1) o o (j, j + 1) 

= {i,i + 1) o ° {hi + I) o CTij o (j, j + 1) 

= ii,i + 1) o CTiy+i o (ij + 1) o (j,j + 1) 

= cii.i o {i,j). 

Thus we have t = aij o (z,j). □ 

From Lemma IQ and Lemma [211 the universal covering map ^ induces a local 
isomorphism 

mI”’ : Bl0WA^.,uT.,if*";./LI ^ Bl0WA^.if*"/5„ = 

Here Blow^H is the blow up of B along A C B. 

Lemma 2.5. For every x G = 2- 

Proof. For G with xi = X2, there are n elements j/i,... ,z/„ of iL such 

that yi = z/2 and /i(z/i) = Xi for 1 < z < rz. Then 

(Az")“^((Xi)r=l) = {z/i,cr(j/i)} X ••• X {yn,<j{yn)}- 

For G G, since P[ is generated by and (7^^ if k is even we get G 

El, if k is odd (Ti^...ik ^ H. For {zi}f^i G {yA)~^{{xi)f^i) fl if the number of i 
with Zi = yi is even then 

{2*}r=i = {o-(z/i),cr(z/2),y3---,yn} on K^^/H, and 
if the number of z with Zi = yi is odd then 

{^i}r=i = {^{yi)^ y2,2/3 ■ ■ •, yu} on k^^/h. 

Furthermore since Ui ^ H for 1 < z < zz, 

(z/2),2/3 • ■•,yn} ^ {(7(2/1),2/2,2/3 .. .,y„}. 

Thus for every x G E'f^\ |(/z*”^)~^(a^)l =2- □ 

Proposition 2.6. /zi"^ : BIowaj^.^ut.,, Ar”^/iL —>• BIowa"F l *universal 
covering space, and X \ tt~^{Fe) — BIowaj^.^^ut.^^ k:^/h. 

Proof. Since /zi"^ is a local isomorphism and the number of fiber is constant, so /zi”^ 
is a covering map. Furthermore tt : A \ Tr~^(F e) —>■ is the universal covering 

space and number of fiber is 2, so /zi”^ : BIowa^.^^ut.,, Ar”^/7 F —BIowa^^FI*/ 5n is 
the universal covering space, and by the uniqueness of the universal covering space, 
we have X \ tt~^{Fe) ~ BlowA^.^cT.^^FG^^/Ff. □ 
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Recall that H is generated by and {cy }i<i<j<n. 

Theorem 2.7. Let E he an Enriques surfaee, the Hilbert scheme of n points 
of E, TT : X ^ E^'^^ the universal covering space of E^'^\ and n>2. Then there is 
a resolution ipx '■ X K'^/H such that (pf^^fTx/H) = t:~^{De)- 

Proof. Let E be an Enriques surface, eI"! the Hilbert scheme of n points of 
E, TT : X ^ eI"! the universal covering space of eI"! where X is a Calabi- 
Yau manifold, and p the covering involution of tt. From Proposition2.6, we have 
X \ Tr~^(F e) — H. Thus there is a meromorphim / of Y to 

iL”/77 with satisfying the following commutative diagram: 


eN \ Fe — -i- 


TT 

X\Tr-\FE)- -^ 


PH 

K^/H 


where tte ■ eI"! —>■ E^'^'> is the Hilbert-Chow morphism, and pn '■ /H —>■ 

is the natural projection. For any ample line bundle C on E^'^\ since the natural 
projection p// : /H —>■ E^'^'> is finite, and E^'^'l and K'^/H are projective, is 

ample. Since 7t~^(Fe) is an analytic closed subset of codimension 2 in X, there is 
a line bundle L on Y such that f*{p’^C) = L |x\ 7 r-i(FE)- From the above diagram, 
we have 

L = 7r*(7r|;£). 

Since £ is ample on E ^'^'>, 7r|;£ is a globally generated line bundle on £["1. Moreover 
TT* (7r|.£) is also a globally generated line bundle on X. Since p^£ is ample on K'^/H 
and L is globally generated, there is a holomorphism (fx of X to K'^/H such that 
Tx |x\ 7 r-i(FE)= / lA\ 7 r-i(FE)- Since Y is a proper and the image of / contains a 
Zariski open subset, ipx ■ X K'^/H is surjective. Moreover f : X \ n~^{DE) = 
(Y” \ Tk)/H, that is a resolution. □ 


3. Proof of Theorem 1.1 

Let S' be a smooth projective surface and P{n) the set of partitions of n. We 
write a € Pin) as a = (ai,... ,an) with 1 • ai + • • • + n • = n, and put 

|a| := We put S“ := S“^ x ••• x S“", S(“) := x ••• x 5^“"^ and 

Sl"! the Hilbert scheme of n points of S. The cycle type a(p) of p G S„ is the 
partition (l“d9),... where ai(p) is the number of cycles with length i as 

the representation of p in a product of disjoint cycles. As usual, we denote by 
(ni,... ,nr) the cycle defined by mapping Ui to Ui+i for z < r and to ni. By 
Steenbrink [m page 526-530], S(“) (a € Pin)) have the Hodge decomposition. By 
Gottsche and Soergel [H Theorem 2], we have an isomorphism of Hodge structures: 

Oi£P{n) 

where (S^“\ C)(|a|) is the Tate twist of (S^“\ C), 

and H*+2"(SN,C)(n) is the Tate twist of H*+2"(S["1, C). Since H*+2"(S'N, c)(n) 
is a Hodge structure of weight z -I- 2n — 2n = z, we have C)(rz)^’’‘^ = 

JJ^+ 2 n^g[n]^Qy+n,q+n ^ z with pp = z, and iL*+2|“l(5^“) , C) (|a |) is a 
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Hodge structure of weight i + 2\a\ — 2\a\ = i, we have C)(|a|)*’’'^ = 

^*+ 2 |a|^^(a)^(j^^p+|a|,g+|a| for p, g G Z with p + g = 7 . Thus we have 

a€P('n,} 

Let E be an Enriques surface, eI”! the Hilbert scheme of n points of E, and 
TT : X —>■ eI"! the universal covering space of where X is a Calabi-Yau manifold. 

Proposition 3.1. dimciL^(E["’l, = 0. 

Proof. From [m page 526-530], E^"'> have the Hodge decomposition, we have 

^2n(^(n),C)l,2n-l _ ig-2»-l (^(n) ^ 

Similarly since E^°‘'> (a G P{n)) has the Hodge decomposition, if 1 — n -|- jaj < 0 or 
n — 1 -|- jaj > 2n for a G P{n), then 

_^2|a|(^(a)^q(|^|)l-n+|a|,n-l+|a| ^ q_ 

For a G P{n) with 1 — n -|- jaj >0 and n — 1 -I- jaj < 2n, then jaj = n — 1, 
jaj = n or jaj = n -|- 1. By the definition of a G P{n) and jaj, we obtain a = 
{(n, 0,..., 0), (n — 2,1,0,..., 0)}. Thus, by the above equation (P), we have 

dimciL^"(F[”l,C)i’^"“i = dimciL^"(F(’"), C)i’^"“i©£r2"-2(^(n-2) ^£,(2)^ qo.2n-2^ 


From the Kiinneth Theorem, we obtain 

H2"-2('£;(»-2) X £;(2)^q0,2n-2 _ 0 (g) H*{E^^\C)°’K 

s-\-t—2n—2 

Since H\E,C)°'^ = H^{E,C)°'^ = 0, we have 

H2"-2('^fo-2) ^ ^(2)^q0,2n-2 ^ 

Let A be a subset of 

A := {(si, • • • ,s„,ti, • • • ,t„) G Z>J) : E'LiSi = 1, = 2n - 1}. 

From the Kiinneth Theorem, we have 

^2n(^n^ql.2n-l _ 0 {(^H^{E,Cy"*'\ 

Since n > 2, for each (si, • • • , Sn, ti, • • • , in) G A, there is a number z G {1, • • • ,n} 
such that Si = 0. Thus since iL^(F,C)°’^ = 0, we have = 0, 

so H 2 n-lq(n)^ql. 2 n-l ^ 1) =0. □ 


Theorem 3.2. Let E be an Enriques surface, fI”! the Hilbert scheme of n points 
of E, and X the universal covering space of E^'^^. Then all small deformations of 
X is induced by that o/fI”!. 

Proof. Since each canonical bundle of E and fI"! is torsion, and from Ran [TUI Corollary 2], 
they have unobstructed deformations. The Kuranishi family of E has a 10-dimensional 
smooth base, so the Kuranishi family of has a 10-dimensional smooth base by 
P Theorems0.1 and0.3]. Thus we have dimciL^(F”,rg[„]) = 10. 

Since K^in] is not trivial and 2A'£;[n] is trivial, we have 

Tbh ~ ® KE\n]. 
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Therefore we have diinci?^(i?", ® K^\n]) = 10. Since Kx is trivial, then we 

have Tx — Since tt : X —^ Til"! is the covering map and 

X :^SpecO^[n] (B O^[n\{K^[n]) 
by 0 Theorem 3.1], we have 
H^{X ,~ 

~ © Kem). 

Combining this with Proposition 3.1, we obtain 

dimci?'(X, = dimcTri(T;[’^], O X^h). 

Since tt : X —^ i?["l is a covering map, tt* : H^{X,Tx) is 

injective. Thus we have dimcH^{X,Tx) = 10. 

Let p : y ^ U he the universal family of £’["'1 and / : X —>■ is the universal 
covering space. Then g : X —>■ t/ is a flat family of X where q := p o f. Then we 
have a commutative diagram: 


Tup - 



H'(Xo,r;to) 


H\E^-^\Teip) 

TT* 

= H\X,Tx). 


Since iL^(£["'l,Tg[n]) ~ H^{X,Tx) by tt*, the vertical arrow t is an isomorphism 
and 

dimc£\X„, T;tJ = dimc£\X„, 11^71 ) 

is a constant for some neighborhood of 0 G C, it follows that 9 : X —>■ {7 is the 
complete family of Xq = X, therefore 9 : X —>■ {7 is the versal family of Xq = X. 
Thus every fibers of any small deformation of X is the universal covering of some 
the Hilbert scheme of n points of some Enriques surface. □ 


4. Proof of Theorem 1.2 

Let E be an Enriques surface, £["1 the Hilbert scheme of n points of £, and 
TT : X —>■ £["1 the universal covering space of £["I where X is a Calabi-Yau man¬ 
ifold. At first, we show that for an automorphism / of £["1, /(£_e) = De 
f*{OEin]{DE)) = OE\r<-]{DE)- Next, we show Theorem 1.2. 

Proposition 4.1. dimci7°(£f"'^, C7^[n] (£_e)) = 1- 

Proof. Since De is effective, we obtain dimei7°(£l"l,OBinj(££;)) > 1. Since the 
codimension of is 2 in £*^"\ and £*^"^ is normal, we have 

£°(£("), Oui.)) = r(£(”) \ aP , ). 

Since ~ £(")\A^”\ and Oem{De) ^ Oeip on £N\77 b, we 

have 

{tte)*{Oe\^ADe)) ^ OeM on 




Hence 
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Since is compact, we have O ~ C. Therefore we have 

dimcr(T;N \ P^)) = 1 . 

Thus we obtain divacH'^{E^^\0 {De))) = 1- □ 

Remark 4.2. Then by ProDOsition l4.lL for an automorphism ip € Aut(Ti["l J, the 
condition p*(Oem {De)) = Oem {De) is equivalent to the condition p{De) = De- 

Recall that tt o w \ K'^ \ Tk ^ E^"^^ \ De is the universal covering space. 

Theorem 4.3. Let E be an Enriques surface, De the exceptional divisor of the 
Hilbert-Chow morphism tte '■ > E^'^\ An automorphism f of E^'^^ is natural 

if and only if fiDs) = De, i.e. /*( 0 £;[„] (£>£;)) = Oem Ide). 

Proof. Let / be an automorphism of with f{DE) = De- Then / induces an 
automorphism of E^'^^\De. Since the uniqueness of the universal covering space, 
there is an automorphism g of Rr"\ri^ such that TToujog = foTrou}: 

K^\Tk — ^-^K^\rK 

TTOUJ TTOUJ 

aW \ £;N \ 

Since Tif is an analytic set of codimension 2 , and itT" is projective, g can be ex¬ 
tended to a birational automorphism of iL”. By Oguiso [3 Proposition 4.1], g is 
an automorphism of itT", and there are some automorphisms gi, ... ,gn S Aut(it') 
and s € Sn such that g = s o gi x ■ ■ ■ x gn. Since C G, we can assume that 
g = gix ■■ ■ X gn- 

Recall that we denote the covering transformation group of tt o a; by: 

G := {5 S Aut(Ar" \ Pr-) : TTOuiog = Tro w}. 

By ProDOsition l4.4l below. we have gi = gi or gioa for 1 < i < n and gioa = crogi. 
We denote the induced automorphism of given by gi. Then gi^^'^\EM\DE — 
/Ie["1\De- Thus g^i^ = /, so / is natural. The other implication is obvious. □ 

Proposition 4.4. In the proof of Theorem 4.3, we have gi = gi or gi = gi o a for 
each 1 < i < n. Moreover gi o a = a o gi. 

Proof. We show the first assertion by contradiction. Without loss of generality, we 
may assume that g 2 gi and 52 5 i o a. Let hi and /12 be two morphisms of K 
where gi o hi = id^- and hi o gi = id^: for i = 1, 2. We define two morphisms Hi .2 
and Hi. 2 ,a from K to by following. 

Hi. 2 : K 3 X ^ {hi{x), h2{x)) S 

Hi. 2 ,a : K 5 X 1 -^ {hi{x), a o h 2 {x)) G K^. 

Let Sa := {(a;,y)| y = cr{x)} be the subset of AT^. Since hi ^ /12 and hi ^ a o /12, 
Hf2{^%:)'JHf2^^{Scr) do not coincide K. Thus there is x' £ K such that Hip{x') ^ 
and Ri,2,cr(a;') ^ S^. For x' G K, we put Xi := hi{x') G AT for i = 1 , 2 . Then 
there are some elements X3,. .. ,Xn G AT such that (a;i,..., Xn) G AT” \ Tr-. We 
have g{(xi ,..., Xn)) ^ A'"\rR- by the assumption of xi and X2. It is contradiction. 
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because g is an automorphism of K^XTk- Thus we have gi = gi or gi = gi o a for 
I < i < n. 

We show the second assertion. Since the covering transformation group of tt o a; 
is G, the liftings of / are given by 

{g o u : u € G} = {uo g : u € G}. 

Thus for CTi o there is an element o s of G where s € Sn and t € 

i<n<...<ifc<n such that aiog = goai^...i^ os. If we think about the 

first component of cti o ^ and [HI Lemma 1.2], we have s = id and t = ai. Therefore 
g o ai o g~^ = ai^ we have a o g^ = g^ o a. □ 

5. Proof of Theorem 1.3 

Let E be an Enriques surface, eI"! the Hilbert scheme of n points of E, and 
TT : X ^ eI"! the universal covering space of eI"! where X is a Calabi-Yau man¬ 
ifold. First, for n = 2, we compute the Hode number of X. Next, for n > 3, we 
show that the covering involution of tt : X —>■ £’["'1 acts on iL^(X, C) as identity, 
and by using Theorem 1.2, we classify automorphisms of X acting on 7J^(X, C) 
identically and its order is 2. Finally, we show Theorem 1.3. 

We suppose n = 2. Since E^ = E^, we have = E^^^ = Blow^2^£’^/52. 

Let TT : X —>■ £[^1 be the universal covering space of £[^1. Since and 

Proposition 12.61 we have 

X ~ B1ow^2^ut^V^, 

where T := {{x,y) G : y = cr(x)}. Let g : ^\owjEl —7> K^jH be the 
natural map. We put 

Da ■= and 

Dt :=g-\T/H). 

For two inclusions 

JDa : Da ^ and 

Jdt ■ Dt ^ Blow^^uyX^/iJ, 
let j*D^ be the Gysin morphism 

j*D^ ■ HP{Da,C) ^ HP+\B\owAiuTKyH,C), 
j*DT the Gysin morphism 

j.D-r : HP{Dt,C) HP+^{Blow^ 2 ^^JTKyH,C), and 

^p:=g* + o 77]^^ -h o nVoT 
morphisms from HP{K‘^/H, C) © HP-‘^{X\/H, C) © HP-‘^{T/H, C) to 
£^’(Blow^2^uT^^/-f^! *C). From [TH Theorem 7.31], we have isomorphisms of Hodge 
structure on H'^{B\ow^ 2 ^^rpK'^/H,C) by ip: 

(2) 

H’^{K^/H, C) © C) © H’^-^{T/H, C) ~ £'=(B1ow^2^ut^V^, C). 

For algebraic variety Y, let hP’'^{Y) be the number hP’'^{Y) = dimc£^^'*(T, 

Theorem 5.1. For the universal covering space tt : X —>■ £[^1, we have h^’^{X) = 
1 , /ii’O(X) = 0, /i2’0(X) = 0, /ii’i(X) = 12, /i3.0(x) = 0, /i2-i(X) = 0, /iTO(X) = 1, 
h^’\X) = 10, and h^^^{X) = 131. 
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Proof. Let a be the covering involution of fj, : K ^ E. Put 

:= {a G ■ o'*(a) = ±a} and 

Then for an Enriques surface E ~ Kj{a), we have 

Since K is a if 3 surface, we have 

/i°’°(if) = 1 , h^'°{K) = 0 , h^'°{K) = 1 , and h^'^{K) = 20 , and 
h°f°{K) = 1, h}f°{K) = 0, h^iK) = 0, and/ii^(if) = 10, and 
h°Y{K) = 0, h}l°{K) = 0, /i!:°(if) = 1, andh!:°(if) = 10. 

Since n = 2, we obtain A^^/El ~ E and T/H cii E. Thus we have 

h°’°{Al^/H) = 1, h^’°{Al^/H) = 0, h‘^’°{A%/H) = 0, and/i^’^(A|/ii) = 10, 
and we have 

h°-°{T/H) = 1, h^’°{T/H) = 0, h^’°{T/H) = 0, ixiidh^’\T/H) = 10. 

By the definition of ii, we obtain El = ( 52 ,o’i, 2 )- From the Kiinneth Theorem, we 
have 

~ 0 H^+*{K, CY'* 0 H^+YK, C)"’"”, and 

s-\-u—p,t-\-v—q 

H^{K^/H,CY'‘^ ~ {a G H’^{K^,C)P'‘‘ ■ s*{a) = afors G ^2 and ct* 2 (a) = «}• 
Thus we obtain 

h°’°{K‘^/H) = 1, h^’°{K^/H) = 0, h^’°{K^/H) = 0, h^’YK^/H) = 10, 
h^’°{K^/H) = 0, h^'YK^/H) = 0, h^’°{K‘^/H) = 1, 

h^’YK'^/H) = 10 , and/i 2 ’ 2 (if 2 /ij) 2,2 ^ 

Specially, we fix a basis /3 of E[‘^{K,<CY'^ and a basis of iii(if, C)^’^, then 

we have 

10 

(3) H\K^/HXY'^ 

By the above equation ([5|), we have 

h°’°(Bl0WA2^uT^V^f) = 1, hi-0(Blow^2^uT^Vi^) = 0, 
/i"’°(Bl0WA^uT^Vi?) = 0, /ii’i(Bl0WA^uT^Vi?) = 12, 
^^’“(BIowa^utI^VI^) = 0, /i2-1(B1owa^ut1^V1^) = 0, 
/i"^’°(BlowA2^uTAr^/lil) = 1, li^’^(BlowA^uTAr^/lil) = 10, and 
/i2'2(Bl0WA^uTl^V-fl) = 131. 

Thus we obtain X°{X) = 1, X°[X) = 0, X^{X) = 0, X^{X) = 12, X°[X) = 0, 
/i2.i(x) = 0, /ihO(X) = 1, X^{X) = 10, and X^X) = 131. □ 

We show that for n > 3, the covering involution of tt : A —>■ ifl”! acts on 
E[^{X, C) as identity, by using Theorem 1.2 we classify automorphisms of X acting 
on ii^(A, C) identically and its order is 2, and Theorem 1.3 from here. 
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Lemma 5.2. Let X be a smooth complex manifold, Z C X a closed submanifold 
with codimension is 2, t : Xz —>■ X the blow up of X along Z, E = t~^(Z) the 
exceptional divisor, and h the first Chern class of the line bundle Oxzi^)- 
Then t* : H'^{X,<C) —>■ H'^{Xz,C) is injective, and 

H'^iXz, C) ~ H^{X, C) © Ch. 

Proof. Let U := X \ Z he a.n open set of X. Then U is isomorphic to an open set 
U' = Xz \E oi Xz- As T gives a morphism between the pair {Xz, U') and the pair 
{X,U), we have a morphism r* between the long exact sequence of cohomology 
relative to these pairs: 


{X, U, C)-^ {X, C)-^ {U, C) 



'^x 

'^X,U 


- 


H'^iXz, U', C)-^ H^{Xz, C)-^ H^{U', C) 


'^x,u 

^H^+\Xz,U',C). 


By Thom isomorphism, the tubular neighborhood Theorem, and Excision theorem, 
we have 

iI«(Z,C) ~ and 

H‘‘{E, C) ~ m+‘^{Xz, u', C). 

In particular, we have 

H\X,U,C) = 0 for ; = 0,1,2,3, and 
W{Xz,U',C) = 0 for I = 0,1. 

Thus we have 


0-^ H^{X, C)-^ H^{U, C)-)• 0 





'^x,u 


'^u 


' 

' 


0- >H^{Xz,C) - >H^{U',C) - >H°{E,C), 


and 


0- >H^{X,<C) - >H^{U,C) ->0 



H^{E, C)-> H^{Xz, C)-^ H^{U', C)-^ H^{Xz, U', C). 


Since r \u''. U' ^ U, we have isomorphisms rfj : H'^{U,C) ~ H’^{U',C). Thus 
we have 

dimci?^(Az,C) = dimci?^(A,C) + 1, and 
T* : E[‘^{X,C) —>■ E[‘^{Xz,C) is injective, 
and therefore we obtain 

H'^iXz, C) ~ H‘^{X, C) © Ch. 

□ 


Proposition 5.3. Suppose n > 3. For the universal covering space tt : X ^ 
dimci?^(X, C) = 11. 
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Proof. Since the codimension of tt ^{Fe) is 2, H‘^{X,C) = H‘^{X \ tt ^(Fe),C). 

By Proposition 2.6, X \ ^ BlowA^.^uT.^if”^/i?- 

Let T : B1 owa_k.^ut.,,J4^”^ -)> Kl^;^ be the blow up of along U 

hij the first Chern class of the line bundle Oriowa^^ uT,^K^^{T~^{AK*fj.i,)), 
and 

kij the first Chern class of the line bundle Obiowa^ ut,^ 

By Lemma l5.2l we have 

iL2(BlowA,.,uT.,i^:^,C)^iL2(i^",C)© [ 0 0 ChX 

Since n > 3, there is an isomorphism 

{jtj © 1) o cjij o (j, j + 1) : ^ 

Thus we have dimci?^(BlowAK^,^uT,,,.fti*^/L^, C) = 11, i.e. dimcLl^(Ar, C) = 11. □ 

Proposition 5.4. dimcH'^(X,Ox{'n'*{DE))) = 1- 

Proof. Since tt is finite, we obtain dimcLl°(Ar, (!1 a(e*(Z1e))) = dimcLl°(i?["'],7r*(!lx(7i*(£*E)))- 
From the projective formula and A ~ SpecOE[n](BOEM{KEin] ), we have tt*O x( e*(He)) — 
OEM{DE)®OEM{DE‘S)KEin]). By PropositionHm dimcH°(H[”1^0^[„](i:)^)) = l. 

We show that 

dimcH°{E^^\OEM{DE(^KEM)) = 0 . 

Since ■n'E\EM\DE ■ \De ^ E^) \ we have 

{7TeUOem{De © Kem)) ~ nl% on \ . 

Hence we have 

r(ii;W \ De, Oem {De ® a^h)) ~ \ a^”\ ii^^„)). 

Since iL^(H,C)^’° = 0, and from the Kiinneth Theorem, 

H^^{E^,Cf'^'° = ) = 0 . 

Since the codimension of A^ is 2, and is a locally free sheaf, we have 
r(H" \ A^,0|1.) = H°{E^,njft,). 

Thus we have 

r(H(")\A^"\ll|j„))=0, 

and therefore 

dimcH°(HN \ De, Oem {De 0 A^h)) = 0. 

Hence 

dimcH°{E^^\OEM{DE(^KEM)) = 0 . 

Thus we obtain dimcH°(A, Ox{'^*{De))) = 1- D 

Remark 5.5. Then by ProDOsition l5.4L for an automorphism ip G Aut(A), the con¬ 
dition lp*{Ox{t^*De)) = Ox{t^*De) is equivalent to the condition ip{x~^(De)) = 
x-^{De). 

Let p be the covering involution of tt : A —?> E^'^\ 
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Proposition 5.6. For n > 3, the induced map p* : H‘^{X,C) —^ H'^{X,C) is 
identity. 

Proof. Since ~ ^/{p) : have , C) ~ H‘^{X,C)p . By Proposition 

15.31 for n > 3, we have dimci?^(X,C) = 11. By [U page767], C) = 

11. Thus the induced map p* : H^{X, C) —^ H'^iX, C) is identity for n > 3. □ 

Recall that p : K ^ E is the universal covering of E where K is a K3 surface, 
and a the covering involution of p. 

Proposition 5.7. Let E be an Enriques surface which does not have numerically 
trivial involutions, the Hilbert scheme of n points of E, tt : X —>■ E^'^^ the 
universal covering space of E^'^\ p the covering involution o/ tt , and n > 3. Let l 
be an involution of X which acts on H^{X,C) as id, then i = p. 

Proof. Let l be an involution of X which acts on H'^{X,C) as id. By Remark 15.51 
i|x\ 7 r-i(Z)E) is automorphism of X \ Tr~^ (De). By the uniqueness of the universal 
covering space, there is an automorphism g of K^\Tk such that l, o lo = oj o g: 

\ Tk - - -S’ RT" \ Tk 



X \ tt-^De) X \ tt-^De). 

Like the proof of ProDOsition l4.41 we can assume that there are some automorphisms 
gi of K such that g = gi x ■ ■ ■ x gn, for each 1 < i < n, gi = gi or g^ = gi o a, 
and gi o a = a o gi. Since = idx, so we have g^ € H. Thus we have g^ = id^n 
or ap,,,if,. By [BJ Lemma 1.2], we have g^ = idifn. We put g' := gi. Let g'^ be the 
induced automorphism of E hy g', and g'jp^ the induced automorphism of E^'^^ by 
Since g'jp^ on = tt o t and n > 3, g'jp^* acts on H^{E^‘^\C) as id, and therefore 
g'^ acts on H'^{E,C) as id. Since E does not have numerically trivial involutions, 
g'^ = id_E, and therefore we have g' = a or g' — id/f. Thus we have noujog = noui: 

K'^\Tk — 

■nou) TTOu; 

sw \ Db \ Us. 

Since t o a; = w o g, we have we have n = n o l: 

X \ n-\DE) X \ 



sW \ De -—!■ \ De. 

Since the degree of tt is 2, we have i = p. □ 

We suppose that E has numerically trivial involutions. By [B1 Proposition 1.1], 
there is just one automorphism of E, denoted v, such that its order is 2, and v* 
acts on H^{E, C) as id. For v, there are just two involutions of K which are liftings 
of V, one acts on as id, and another acts on as —id, we 

denote by v+ and t>_, respectively. Then they satisfies v+ = v- o a. Let 














UNIVERSAL COVERING CALABI-YAU MANIFOLDS OF e'"' 


15 


be the automorphism of which is induced by v. For ul"!, there are just two 
automorphisms of X which are liftings of v^'^\ denoted c and respectively: 


j^[n] , J^[n\_ 

Then they satisfies <; = (,' o a. Since n > 3 and like the proof of Proposition 15.71 
each order of c and is 2 . 

Lemma 5.8. For c and , one acts on F[^{X,il'j^) as id, and another act on 
H^iX,n^^) as -id. 

Proof. Since Ie["1\De is an automorphism of ifi"! \ De, and from the uniqueness 
of the universal covering space, there is an automorphism g of iF" \ ^k such that 
ul"! OTrouj = noujog: 


k^\Tk — ^-^K^\rK 

TTOUJ TTOUJ 

\ Db \ De. 

Like the proof of Proposition l4.4l we can assume that there are some automorphisms 
gi of K such that g = gi x ■ ■ ■ x gn for each 1 < i < n, gi = gi or gi = gi o a, and 
gi o a = a o gi. From Theorem 12.71 we get iF” \ Tk/H ~ X \ Tr~^{DE). Put 


where 


^+,even ■— X • • • X Un 


Ui = L>+ or Ui = V- and the number of i with Ui = i;+ is even 

which is an automorphism of iF” and induces an automorphism v+^even of X \ 
tt~^{De). We define automorphisms v+^odd, I’-.even, and V-^odd of if" \ Tk/H in 
the same way. Since (7^ G H for 1 < i < j < n, and i;+ = t>_ o a, if n is odd, 

'^-\-,odd — '^—^eveni '^-\-,even = vZ^d, and v^. ,odd ,ei;en j 

and if n is even, 

^+,odd — '^—,oddi '^+.even — .event and V-\-^odd ^ ‘^-\-,even- 

Since l>["1 o tt = tt o v+^odd and t>["l on = n o v+^even, and the degree of n is 2, Thus 
we have {^, c'} = 

,even } ■ 

Let ojx G ii°(X, be a basis of ii°(X, over C. Since X \ n~^{FE) — 
BlowAK,,^uT,,,if"^/ii) and by the definition of v+ and i;_, 

u+^*(wa:) = -OJX and tqT ,even {o^x) = OJx- 

Thus for {^,<;'}, one acts on F[^{X.fl^) as id, and another act on ii°(X, as 
-id. □ 


We put G as acts on H^{X,n'^) as id and c_ G as acts on 

ii°(W^ix) as -id. 
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Proposition 5.9. Suppose E has numerically trivial involutions. Let i?!"! be the 
Hilbert scheme of n points of E, tt : X ^ ijl"! the universal covering space o/sN, 
p the covering involution ofir, and n > 3. Let l be an involution of X which l* acts 
on H'^{X,<C) as id and on H^{X,Ll^) as —id, and p. Then we have (. = <?_. 

Proof. Let i be an involution of X which acts on H‘^{X, C) as id and on H'^{X, Li^x) 
as —id, and l ^ p. By Remark lS.hl i|j(:\ir-i(DE) is an automorphism of X\Tr~^{DE). 
By the uniqueness of the universal covering space, there is an automorphism g of 
K'^XTk such that lou = u o g: 

\ Tk - - -!■ \ Tk 



X \ TT-^iDs) X \ tt-^De). 

Like the proof of ProDOsition l4.4l we can assume that there are some automorphisms 
Pi of K such that g = gi x ■ ■ ■ x g„, for each 1 < i < u, or o cr, 

and gi o a — a o gi. Since = idx, so we have g^ € H. Thus we have g^ = \Ak^ 
or crq,,,ij,. By [ 6 l Lemmal.2], we have g^ = idifn. We put g' := gi. Let g'^ be the 
induced automorphism of E hy g', and g^^ the induced automorphism of by 
p'e. Since 5 ^"^ o tt = tt o r and n > 3, acts on C) as id, and therefore 

Pe acts on H^{E, C) as id. If = id^;, then we have l = p or idx, a contradiction. 
Since 5 ^ = idi^n Thus the order of p'e is 2. Since p'e acts on H‘^{E,C) as id, we 
have p'e = ’’->1 and therefore g' = r;+ or g' = v-. By the definition of c and we 
obtain i = g or l = g'. Since i* acts on H^{X, as —id, we obtain r = □ 

Theorem 5.10. Let E be an Enriques surface, E^"^^ the Hilbert scheme of n points 
of E, TT : X ^ the universal covering space of E^'^\ and n > 3. If X has a 
involution l which i* acts on H^{X, C) as id, and i ^ p. Then E has a numerically 
trivial involution. 

Proof. Let t be an involution of X which acts on H'^{X,C) as id, and l p. By 
Remark |5.51 rlxXTr-qDE) automorphism of X \ 'k~^{De). By the uniqueness 
of the universal covering space, there is an automorphism g of K^\Tx such that 
i o uj = Lu o g: 

X" \ Vk - - -!■ X” \ Vk 



X \ TT-lpfi) X \ tt-\De). 

Like the proof of ProDOsition l4.41 we can assume that there are some automorphisms 
gi of K such that g = gi x ■■■ x pn, for each f < i < n, gi = gi or gi = gi o a, 
and gi o a = a o gi. Since = idx, we have g^ € H. Thus we have g^ = \Ak^ 
or crq,,,ij,. By [BJ Lemmal.2], we have g^ = id/fn. We put g' := gi. Let be the 
induced automorphism of E hy g', and g^^ the induced automorphism of E^'^^ by 
g'x. Since 5 ^"^ o tt = tt o (, and n > 3, acts on C) as id, and therefore 

g'^ acts on H‘^{E,C) as id. If g'^ = id, like the proof of Proposition 15.71 we have 
L = p or i = idx, a contradiction. Thus we have p'e id. Since g^ = idiC", p'e is 
an involution of E. Since g'x acts on H'^{E,C) as id, E has a numerically trivial 
involution. □ 
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Lemma 5.11. dimcH'^^ = 10. 

Proof. Let a be the covering involution oi n ■. K ^ E. Put 

iL^(iL,C)P’« := {a G : a*{a) = ±a} and 

hff^K) := diincll^(iL,C)P’«. 

Since K is a iL3 surface, we have 

h°'°{K) = 1, h^'°{K) = 0 , h^'°{K) = 1 , and h^'^{K) = 20 , and 
h°f°{K) = 1 , hY{K) = 0 , h^f°{K) = 0 , &n<lh^f}{K) = 10 , and 
hP_f{K) = 0 , hh°{K) = 0 , h^l°{K) = 1 , and/i!.’°(iG) = 10 . 

Let A be a subset of 

■= {(si, ■ • ■ , Sn, ti, ■ • • , tn) G Z>^ : = 2n — 1, = 1}. 

From the Kiinneth Theorem, we have 


2n f EYi ^\2n —1,1 




)H‘^{K,Cy 


(si ,••• ,Sn ,tl 5^n)€A ^« = 1 


We fix a basis a of H'^{K, C)^’° and a basis {/3i}i£i of Hf{K, and let 

n 

Pi '.= Cj 


where e, = a for j ^ i and e,- = Pi for j = i, and 


then we have 


■- 0 /^i' 


^2n(^n/^,q2n-l,l _ 0 


dimciL^”"^’^ (A:”/iL, C) = 10. □ 

Since X and K"'/H are projective, K'^/H is a V-manifold, and tt is a surjective, 
TT* : iJP’9(A:”/iL,C) ^ HP'‘>{X,C) is injective. 

Theorem 5.12. We suppose n > 2. Let tt : X ^ £^["1 be the universal covering 
space. For any automorphism f of X, if f* is acts on H*{X, C) := HpX, C) 

as identity, then f = idx. 

Proof. Since f* acts on F[^{X, C) as identity, / is an automorphism of K^\Tk/H■ 
Let ph ■ \ Fi^ —>• \ Tk/H be the natural map. Then the uniqueness of the 
universal covering space, we can that there are some automorphisms pi of K such 
that g := gi X ■■■ X pn, Pi = gi or pi = gi o a, gi o a = a o gi ior 2 < i < n, and 

f o PH = PH o g- 

AT” \ Tk/H —^ AT” \ Tk/H 


A:”\F/ 


K^\Tk. 
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Let QH be the induced automorphism of if”/ H. Then we obtain gn o (px = fx o f- 


K^/H K^/H 


Vx 


X 


Vx 




Put giE the automorphism of E induced by gi. Since /* acts on H‘^{X,C) as 
identity, g’^ acts on /H,C) as identity. Since /H,C) = H'^{E,C), 

gl^ acts on H'^{E,C) as identity. From Lemma [5. Ill we have 

10 

ii2"(X,C)2”-id =0CvJ^7,. 

Suppose gi ^ CF and gi ^ id^. Since gl^ acts on H'^{E,C) as identity, from 
[H page 386-389], the order of giE is at most 4. If the order of giE is 2, there is 
an element a± G ii/.(if,C)^’^ such that 5 i(a±) = ±a. By the equation (g]) and 
the proof of Lemma 15.81 / does not act on ii^"(X,as identity, it is a 
contradiction. If the order of giE is 4, then there is an element a'^ G C)^’^ 

such that gl{a'^) = from [S] page390-391]. By the equation (g]) and and 

the proof of Lemma [5^ / does not act on as identity, it is a 

contradiction. Thus we have giE = id_E, i.e. gi = a oi gi = id/f, and / = idx 
OT f = p where p is the covering involution of tt : X —>■ if". From ProDOsition l3.ll 
ii^”(if["],C)2”“i’i ~ 0, p does not act on ii2 "(X,a,s identity. Since /* 
acts on ii2"(X, C)2”“i4 a,s identity, we have / = idx- □ 

Corollary 5.13. IFe suppose n > 2. Let n : X ^ he the universal covering 
space. For any two automorphisms f and g of X, if f* = g* on H*(X,C), then 
f = 9- 

By [6l Proposition 1.1], there is just one automorphism of E, denoted t>, such that 
its order is 2, and v* acts on H'^{E,C) as id. For v, there are just two involutions 
of K which are liftings of v, one acts on as id, and another acts on 

as —id, we denote by v+ and V-, respectively. Then they satisfies 
Vj^ = V- o a. Let be the automorphism of ifl"! which is induced by v. For 
there are just two automorphisms of X which are liftings of denoted c 
and g', respectively. Then they satisfies ? = <j' o cr, and each order of and c' is 2. 
From Lemma5.ll, one acts on iL°(X, 12^) as id, and another act on 12^) 

as —id. We put G {s,s'} as acts on H^{X, Li^x) ^ acts on 

7L°(X,I2^”) as -id. 

Theorem 5.14. Let E and E' be two Enriques surfaces, and if'I”! the Hilbert 
scheme of n points of E and E', X and X' the universal covering space and 

and n > 3. If X = X', then ifl"! = i.e. when we fix X, then there is 

just one isomorphism class of the Hilbert schemes of n points of Enriques surfaces 
such that they have it as the universal covering space. 


Proof. For an involution of X which is the covering involution of some the Hilbert 
scheme of n points of Enriques surfaces acts on H^{X, C) as id, H^{X, Li^x) ~icl, 
and H^"'{X, From Propositions.12, the automorphisms which acts 

on H‘^{X,C) as id, 12^) as —id, are only p and C-- From the definition of 
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and Lemma [5.Ill does not act on H‘^‘^{X,C) 

argument. 


2 n 1,1 Thus we have an 

□ 
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